
Preliminary Examination: Statistical Mechanics
Department of Physics and Astronomy

University of New Mexico

Spring 2014

Instructions:
•You should attempt all 10 problems (10 points each).
•Where possible, show all work; partial credit will be given if merited.
•Personal notes on two sides of an 8×11 page are allowed. This sheet must

be attached to your answers and submitted.
•Total time: 3 hours.

———————————————————————–
It may help you to remember that

• if n is an integer that runs from n1 to n2, the geometrical sum

S =

n2∑
n1

xn =
xn1 − xn2+1

1− x
;

• room temperature is about 0.025eV.

• Boltzmann’s constant kB in MKS units is 1.38× 10−23J/K.
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P1. Electronic properties of many metals may be understood through a
model in which the mobile electrons in the conduction band are treated as a gas
of noninteracting indistinguishable particles of spin 1/2 and mass 9.1×10−31kg.
Consider a typical metal for which the conduction band electron density is
5 × 1028m−3. Calculate the average speed (in m/s) of the fastest conduction
electrons at room temperature. State why this may be considered as a low
temperature limit.

P2. An isolated 1-dimensional system consisting of N noninteracting
distinguishable spin 1/2 particles is in equilibrium in a uniform magnetic field
of strength B. Of these, N1 spins are aligned with the field and the remaining
against the field so that the total energy E = −N1µB+(N−N1)µB, where µ is
the magnetic moment of each particle. Obtain an expression for the temperature
of the system as a function of N , N1 and B. State any restrictions on N1 that
are necessary for your argument.

P3. What kind of systems would exhibit heat capacities that tend to (i)
zero at zero temperature, (ii) zero at very large temperatures? Explain your
reasoning.

P4. Calculate the temperature dependence of the entropy of a collection
of a large number N of noninteracting distinguishable two-level systems (for
instance atoms), the energy difference between the two levels being ∆.

P5. The Helmholtz free energy of N molecules of a certain gas at temper-
ature T and volume V is given by

F = −NkBT ln(V − b)− a

V
,

where a and b are constants. Find the equation of state of the gas. Give a clear
physical interpretation to the constants a and b.

P6. Recall that the energy of a 1−d harmonic oscillator of frequency ω is
En = (n+ 1/2)~ω where n = 0, 1, 2, .... Show that the partition function of the
system is

Z =
1

2 sinh(~ω/2kBT )
.

From this expression calculate the temperature dependence of the heat capacity
of a 1−d insulating solid. Explain with the help of a sketch what feature(s) of
this dependence does not agree with experiment.

P7. Comment on the relation, if any, between the Pauli exclusion principle
on the one hand and the Fermi-Dirac and Bose-Einstein distribution functions
on the other. Give two examples of particles that obey the Fermi-Dirac distri-
bution and two of particles that obey the Bose-Einstein distribution.
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P8. The mixing paradox of Gibbs appears to represent a serious failure of
statistical mechanics. Briefly explain the paradox and mention how it may be
‘resolved’. Comment on the ‘resolution’ and express your opinion on whether
this has anything to do with Quantum Mechanics.

P9. Consider the Hamiltonian for an anharmonic oscillator in 1−dimension

H =
p2

2m
+
kx4

4
.

The oscillator is in contact with a heat reservoir at temperature T which is high
enough so that classical mechanics is applicable. Use the equipartition theorem
and the virial theorem in combination to determine the average energy of the
anharmonic oscillator. The former states that the average kinetic energy of
a particle in thermal equilibrium is kBT/2 per degree of freedom. The latter
states that

〈p∂H
∂p
〉 = 〈x∂H

∂x
〉

where the angular brackets denote averages.

P10. A system consisting of N noninteracting particles, each of which can
be in one of two states having energies ε = 0 and ε = ∆, is in thermal equilibrium
at temperature T . Calculate the average energy 〈E〉 and the root mean square
deviation δE =

√
〈E2〉 − 〈E〉2. How does the ratio δE/E depend on the size of

the system and what is its significance to thermodynamics?
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