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Instructions:
• The exam consists of 10 problems worth 10 points each; total time: 3 hours.
• Where possible, show all work; partial credit will be given if merited.
• NO cheat sheets of any kind are allowed.
• Under standard conditions water boils at 212 degrees F or at 100 degrees C and freezes

at 32 degrees F or 0 degrees C.

• If G is a positive integer and x < 1, the geometric sum
∑r=G−1

r=0 xr equals 1−xG

1−x .

• In standard notation, the Hamiltonian of a free particle is p2/2m, and p = ~k.

P1: Consider a collection of a large non-interacting number N of a peculiar kind of
anharmonic oscillators whose energy spectrum is similar to that of the harmonic oscillator
but differs in that it has a maximum energy which is finite and starts out with a gap near
the ground state. Thus, given that n is a non-negative integer smaller than an integer R,
the energy En of the oscillator takes the values:

0 for n = 0,
∆ + nε for R > n > 0.

Calculate and sketch the temperature dependence of the specific heat of the system and
compare with that a similar collection of normal harmonic oscillators. Comment, with a
sketch, on the respective limits of small and large ε/∆.

P2: Consider a system of 3 spins along a straight line. Each spin can only point
up or down: no translations or other rotations are possible. Non-adjacent spins have no
interaction. When two adjacent spins point in the same direction, they contribute −ε to
the energy of the system and when they point in opposite directions, their contribution is
+ε > 0.
(a) What are the possible energies of this system and how many states are there with each
energy?
(b) If the system is in thermal equilibrium with a heat bath at temperature T , the probabil-

ity that it has energy E, among the possible values found in part (a), is given by Ae−E/kBT

where kB is the Boltzmann constant. Evaluate A in terms of ε, kB and T .

P3. In the above problem, the factor e−E/kBT has made its appearance. Comment
as completely as you can on whether that factor comes from a law of nature independent
of other laws, whether it is a mathematical conclusion drawn from other laws, whether it
incorporates a mysterious spiritual belief, or something else.
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P4: Calculate the energy density of states for a free quantum particle in 1 dimension
(the particle is constrained to lie within a segment of length L). From your expression
comment on whether the density of states increases, decreases or remains constant as the
energy varies, and whether that behavior is the same as in higher dimensions.

P5: How is the partition function of a system in equilibrium related to the energy
state density of the system? How can you calculate the free energy of the system knowing
the partition function? A simplified model of a gas of noninteracting classical particles at
volume V and temperature T results in the following expression for the free energy A :

A+NkBT ln(V − b) +
a

V
= 0

Work out an expression for the pressure exerted by the gas as a function of N , T , V ,
and comment on what physical meaning N , a, b might have in this model.

P6: Briefly explain in any three of the following cases the term and its relevance in
practical physics:
(i) Brownian motion, (ii) Ising model, (iii) Poincare recurrence, (iv) ergodic hypothesis,
(v) Bose-Einstein condensation.

P7: A cup of cold tea at 70 degrees F is mixed with two cups of hot tea at 150
degrees F at constant pressure in an insulated container. The specific heat for tea at
constant pressure is 4.2 J/g per degree Kelvin at room temperature and one atmosphere.
Determine the resultant temperature of the mixture in degrees F. Make any reasonable
approximations you need to obtain your result but state those approximations clearly.

P8: For an ideal gas consisting of N noninteracting diatomic molecules, the equation
of state and the internal energy are given in standard notation by PV = nRT and U =
(5/2)nRT respectively, where n is the number of moles of the gas. Derive the specific heat
at constant volume and the specific heat at constant pressure for this gas.

P9. The specific heat of a metal has a sizable part that varies at room temperature
in a power law form as Tn. So does that of an insulating solid at high T and also at low
T . The values of n are different in these three cases: 0, 1, and 3, NOT necessarily in that
order. Explain what physical characteristics of the systems lead to these three power law
dependences and why n has the particular value for each system. Justify your answer on
the basis of analytic expressions and clear arguments.

P10. Blackbody radiation may be considered as a 3-dimensional gas of photons in equi-
librium at a temperature T . Deduce that the energy density of this radiation is proportional
to T 4. Show all your derivations or arguments quantitatively.


