Prelxmmary Examination: Electnc:lty and Magnetism-

Department of Physics and Astronomy
University of New Mezico

Spring 2005
Instructions: |

e The éxam consists of two parts: 5 short answers (6 pomts ea{:h) and your (‘hmce
of 2 out of 3 long answer problems (35 points-each). '

» Where possible show ALL work and partial credit will be given.
e Personal notes on 2 sides of one 8” x 11” page are .aHowed.. L

+ Total time: 3 hours
Best wishes!!

" 'Short pmblems* |
Si: ‘Suppose that you have enough hnear dielectric material, of d;eieczric constant e,
- to half-fll aparallel-plate capacitor. _Yexur goal s to obtain the maximum capacitance.-
~ For purpose of the calculation, A is the ares of the capacitor plat;es d is the dlsfance
- between the plates.and d <<< A%, Thus as usual ignore fringe feld effects.
(a) What is the capacatance for configuration (a) [see figure below]

{b) What is the capacitance for configuration {b)?.

“{c}) So which design’is best?

(b)
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S2: Two spherical cavities, of radii “a” and “b” are hollowed out froin the interior
~of.a (neutral) conducting sphere of radius “R” [see figure]. At the center of each cawt‘y_
~ a point charge is placed; call these charge g, and ¢;.

(a} Find the surface charges, 0,, 05 and o on the surface of thecavity of radius “a”,
radms “b” and on the exterior surface ‘of the conductmg sphere res;;ectneiy

(b) What is the eleetric ﬁeld E(r) outsxde the conductor‘?

- {c) Which of your answers to parts {a) and (b} would change if a third charge, g,, were " :

| brought near (but not inside} the conductor?

53: A square hoop, side length “a”, with resistance “R” lies a distance ° “s7 from
can infinite; straight wire that carries a“t:urrenf I [see. ﬁgure] What is. the mutual -
inductance of the infinite wire with respect to the square hoop?
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S4:' The figure [below] is a sketch of the electric, E and magnetic, B fields of an ..
electromagnetic {(EM) wave, o
- {(a) What features of EM waves are depicted in the sketch?

a {b) Write a mathematical form for the BE(r,t) and B(r,t) fields consistent with this

. --sketch. IF necessary, be clear to say something about your definition of t=0.

{c) Based on your answer to part {b), please label the axes in the figure [below].

.__;---85;;.-'Snppqse the scaler potential' V' = (-and the vector potential A== Agsin{kz=iwt)y, =
- where Ay, w, and & are constants and “y” is a unit vector in the y-direction.
* (a) Find the electric, E(r;t), and maguetic, B(r,t). fields.

(b) Show that they satisfy at least 2 of Maxwell’s equations in vacuum.
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Long problems:
L1 Use Maxwell’s equations “in matter”, see information pages attached to this
exam, to derive the general boundary conditions at a dielectric interface for linear

media:
€1E1¢,—623u = Oy
Bii—By =0
Byy~Ey =0
1 1
“3By — ()By = K x
(mj 1 (#2) 2 fxn

where we have allowed for free surface charge, oy, and/or free surface currents, K 7y at

the interface and “n” is a unit vector normal to the interface. Take care to define .-
~ clearly what you mean by L, ||, 1, 2 and “n”; sketchés may be the simplest way
- to make clear your definitions!

e
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- Li2: Consider electro-magnetic waves at non-normal incidence to a dielectric inter-
face, see sketch below. Assume that the polarization of the incident wave is in the
plane of incidence:

Eifr, t) = Ey, e (pos0ix — sinfz)

. where “x” and “2” are unit vectors in the “x” and “z” directions (see sketch), and E,
is a complex constant.

(a) Make a sketch showing all of the electric, E, and magnetic, B, (polarization)
vectors.

(b) Just as for Ei(r,t) above, write expressions for the unknown amplitudes;
- Bi(rt), Egr(rt) and Bgr(rt), Ex(r,t) and Bp(r,t) where “I7, “R”, and “T"
denote the incident, reflected and transmitted waves respectively.

Assume that you have already proven Snell’s Law and that Oy = Og.

(¢} The boundary conditions at the interface of two, linear dielectrics are given in
- problem, L1, above. For this problem assume there are no free charges, ap = 0
and no free currents, Ky = 0. Show how the E and B fields satisfy each boundary
condition and as a result determine the relationship between: Elyr s Fop and Fy,.

Be clear and show all steps!!

-
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L3: Current 1{t) flows around a small, circular loop (as shown in the figure). Your -
goal is to determine the Poynting vector in the radiation zone, i.e. [r] >> & limit
where “b7 is the radius of the current loop. For all parts below take advantage that
- we are interested only for the potentials and the fields in the radiation zone!

{a) Assume that the ring is neutral. What is the scaler potential Viyaa(t,t)?

(b) What approximations can be made in evaluating the vector potential:

]i'{} I(rl" tret) 7
A - SA o tret)
(r8) = 47 ./ ir — 1’| di

where t..; is the retarded time: £ ==t — |r ~ ¢'| /¢,
and vectors r and r’ are defined in the sketch below. Note: assume that the
currents are non-relativistic.

{c} Use the approximations from part (b) to show that:

Acaalr,t) = / i(r
i

where iy =% —7/c, and “r” is the len'gth of the vector “r”: r = [rl.

{d) Use Vo yu(r,t} and A, 4{r,t} to determine the electric field E.,a(r,5) in the radiation
ZONE.

{e} Finally use E,oy (from part (d)) and B= WF to evaluate the Poynting vector in
.. the radiation zone.

A ke v AW e e -y e A
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FUNDAMENTAL CONSTANTS

8.85 x 1072 C?/Nm? (permittivity of frec space)
4 x 1077 N/AZ {permeabiiity of free space)
3.00 x 10°m/s (speed of light)

1.60 x 1079 C {charge of the electron)

9.11 x 1073 kg {rass of the electron)

SPHERICAL AND CYLINDRICAL COORDINATES

Spherical
X = rsindcosg
¥y = rsinfsing
Fd rcos

TR
tan ! (/20
tan—i(y/;c)

si;16cns¢f+cus€cosqbé — sin qbq';
sinfsin ¢ +cosfsin ¢ 8 + cosgh
CosHE —sing

BRI PR Y

sin OcospX +sin Osing § + cosd 7
cosHeosdX + cosd singh ¥ —sin ¢ 2
—sing X+ cospy

B By M1

Cylindrical
X = scos¢ X = cosgdpS§—singo
=  5sing sin @8+ cosg

Y A iy z

JxZ+ 32 =  cos¢pR4+singy
— s ¢R+cosg§y
z I = z

saprtla

[T T




BASIC EQUATIONS OF ELECTRODYNAMICS

Maxwell’s Eguations

in general In matter :

V-D=p;

B
VxBE= -—
at

V.

s

JE
V x B = pod + 1oep o
[y

Auxiliary Fields

Definitions : Linear media -

D=¢gE+P P=coy.E, D-=¢cE

i i
H=—B M M=y.H, H=-B

4] 1

Potentials
dA
E:-—VV—‘—I, B=V x A
[#
Lorentz force law
F=gE+vxB

Energy, Momentum, and Power

1 1 5
Energy - U= ;[ (egf;'z + ;L--—Bz) dr
-~ 0

Momentum - P=¢ f(ExBydr

. I
Poynting vector 1 8 = —(E x B)
0

Larmor formula -




VECTOR IDENTITIES

Triple Products
(1) A-BxC)=B-(CxA)=C-(AxB)
2) AxBxCQ=BA-C-CA-B)

Product Rules

‘ () Vif2) = F(Ve) +g(V])
(1) VA B)=Ax(VxB) +Bx(VYxA)+@A VIB+(EB VA
(5 V- (fAy=FfV-AH+A- (V]
%) V- AxB) =B (VxA)—A (VxB)
(7 Vx{fA)=fVxA-AxV/f}
8) ¥ x(AxB)=(B VIA—(A V)B+A(V-B} -B(V A
Second Derivatives
(9) V- (VxA)=0
; (0 Vx (Vf)=0
(11} V x(V x A)=V(V.A)— VA
2,
P

FUNDAMENTAL THEOREMS

Gradient Theorem : j;lh(V fy-di= f(b)— f(a)

Divergence Theorem :  [(V-A)dt = § A - da

5

B, } . Curl Theorem : f{VxA)-da=FfA dl

2

3¢




{artesian.

Gradient : Vi
Divergence .V -¥
Curl - V xw
Laplacian - v
Spherical. dl = dr b+
Gradient - . Vi
Divergence : V- ¥
Curt ; Vxy
Laplacian : vl
L‘ylindr-icai.
Gradient : Vi
Divergence © ¥V - ¥
Curl : Vxv
Laplacian : v

di _dw(Jr dvera’*’:

rdo8 4r Sinﬁd(‘btf);

li

Al =ds§+sdo+dzi

VECTOR DERIVATIVES

dr = dtd) dz

dy Jz dz dx L dx (3),'

ay  @hr 97t
ax? o ogyr o a8z

dr = risin6 drdé do

ar . 18t » |

Peg Dbt ——d

dr r a8 Fsind é‘qb

1 8( " 1 ( B ve) + I dug
(P, o {sinfu .4
F2or Fsind o ¢ rsint d¢

I ( g ) 31)9 ;
- —-(sin 0 v,
rsind | 40 b aqb

+{ 1 dv, ( }9+1 8( ) r}vr¢
siné 9¢ ar rYe re a8
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r2 A ar r2sin & 59 R r2sint 9 ¢

dr = sdsd¢dz

dr . 1ot - 0,
—§ b —Z
ds s 3(,‘() gz
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- —{(svy,
Sds
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s 3¢

{i v, Oug - du,  dug $+ i o (stia) dug 1.
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