
Preliminary Examination: Electricity and Magnetism
Department of Physics and Astronomy

University of New Mexico
Fall 2016

Instructions:

• The exam consists of 10 problems, 10 points each.

• Partial credit will be given if merited.

• Total time is 3 hours.

Useful formulas and relations:

• Relation of spherical polar coordinates, (r, θ, φ), to Cartesian coordinates:

x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ.

Unit basis vectors:

r̂ = sin θ cosφ x̂+ sin θ sinφ ŷ + cos θ ẑ, φ̂ = − sinφ x̂+ cosφ ŷ, θ̂ = φ̂× r̂.

• Curl in spherical polar coordinates:
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• Maxwell’s equations with magnetic and/or polarizable media:

∇ · ~D = ρfree, ∇ · ~B = 0, ∇× ~E = −∂
~B

∂t
, ∇× ~H = ~Jfree +

∂ ~D

∂t
.

with ~D = ε0 ~E + ~P and ~H = 1
µ0
~B − ~M .

• Fresnel formulas for the amplitude reflection coefficient of a plane wave incident at a planar
interface between two dielectrics:

r⊥ =
n cos θ − n′ cos θ′

n cos θ + n′ cos θ′
; t⊥ =

2n cos θ

n cos θ + n′ cos θ′
;

r‖ =
n′ cos θ − n cos θ′

n′ cos θ + n cos θ′
; t‖ =

2n cos θ
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,

where ⊥, ‖, refer, respectively, to polarizations perpendicular and parallel to the plane of
incidence. The angles of incidence and refraction are θ and θ′, and n, n′ are the refractive
indices of the medium of incidence and the medium of transmission, respectively.
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1. (10 points) Consider four point charges +q, +q, −q, and −q placed at positions (0, a), (0,−a),
(−a, 0), and (2a, 0), respectively, as shown in the figure. Another charge Q is placed on the
x−axis a distance r from the origin. What is the direction and the magnitude of the force on
Q in the limit a� r (lowest nonvanishing term in a/r)?
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2. (10 points) Two identical conducting spheres of radius R are initially far away from each other
and completely isolated. One of them carries a charge Q0 and the other is at potential V1 with
respect to infinity. At some point the two spheres are brought to contact and then separated
again by a large distance. Find the charge and the final potential (measured with respect to
infinity) of each sphere at the end of this operation.

3. (10 points) An electrostatic potential expressed in Cartesian coordinates (x, y, z) reads

V (x, y, z) = V0

(
ex

2
cos(y) + z2

)
,

being V0 a constant. Find the charge density that generates that potential.

4. (10 points) At the center of an infinite dielectric plate of thickness d there is a spherical hole
of radius a. If the dielectric plate has a uniform charge density ρ calculate the electric field at
point P , placed a distance d/2 from the plate.

P
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5. (10 points) Suppose you have enough linear dielectric material, of dielectric constant ε to half-
fill a parallel-plate capacitor. Calculate the capacitance of the two capacitors shown in the
figure assuming that the area of the plates is A and the distance between them is d. Find the
capacitance of each of the two capacitors. Which of the two configurations will you choose to
maximize the capacitance?

ε ε

6. (10 points) A uniformly charged shell of radius R and surface charge density σ is rotating at a
constant angular velocity ω about the z-axis. At and arbitrary location ~r, the magnetic vector
potential generated by the spinning sphere is given by the expressions

~A (r, θ, φ) =

{
µ0Rσω

3 r sin θφ̂ for r ≤ R
µ0R4σω

3
sin θ
r2
φ̂ for r ≥ R

(a) Show that the magnetic field inside the rotating shell is uniform and along the z direction.
What is its magnitude?

(b) What is the expression for the field outside the shell?

(c) What elementary source can cause such a magnetic field?

(d) Show that the magnetic field obeys appropriate boundary conditions at the surface of the
shell.

7. (10 points) Consider a square loop of wire (with side length d) oriented parallel to a long
straight wire carrying current I. The loop is pulled with constant speed v in a direction
perpendicular to the wire.

(a) What is the induced electromotive force in the loop?

(b) What is the direction of the induced current? Indicate on the figure with an arrow.
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8. (10 points) A point particle with charge q and mass m is initially at rest in a region in which
there is a magnetic field ~B = Bŷ. Taking into account the gravitational force, ~Fg = −mgẑ,
write down the equation of motion for the particle and solve it. Sketch the trajectory.

9. (10 points) Electromagnetic radiation of frequency ω impinges normally into a a glass slab
of refractive index n and thickness d. What is the minimum value of ω for which the slab
transmits all the radiation?

d
n

10. (10 points) Consider a electromagnetic field traveling in a nonmagnetic, nonconducting dielec-
tric material, with uniform bound charge described by polarization density (electric dipole per
unit volume) ~P (t). Use Maxwell’s equations to show that the electric field satisfies the wave
equation with source, (

∇2 − 1

c2
∂2

∂t2

)
~E(~r, t) = µ0

∂2 ~P (~r, t)

∂t2
,

where µ0 is the permeability of free space and c is the speed of light. Hint: ∇ × ∇ × ~v =
∇(∇ · ~v)−∇2~v.


