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ARTICLE INFO ABSTRACT

Article history: A theory of coalescence of signal receptor clusters in mast cells is developed in close
Received 19 June 2021 connection with experiments. It is based on general considerations involving a feed-
Received in revised form 8 April 2022 back procedure and a time-dependent capture as part of a reaction-diffusion process.
Available online 2 June 2022 Characteristic features of observations that need to be explained are indicated and it is
Keywords: shown why calculations available in the literature are not satisfactory. While the latter
Random walk aggregation involves static centers at which the reaction part of the phenomenon occurs, by its very
Coalescence via diffusion nature, coalescence involves dynamically evolving centers. This is so because the process

continuously modifies the size of the cluster aggregate which then proceeds to capture
more material. We develop a procedure that consists of first solving a static reaction-
diffusion problem and then imbuing the center with changing size. The consequence is
a dependence of the size of the signal receptor cluster aggregate on time. A preliminary
comparison with experiment is shown to reveal a sharp difference between theory and
data. The observation indicates that the reaction occurs slowly at first and then picks up
rapidly as time proceeds. Parameter modification to fit the observations cannot solve the
problem. We use this observation to build into the theory an accumulation rate that is
itself dependent on time. A memory representation and its physical basis are explained.
The consequence is a theory that can be fit to observations successfully.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction and background

Cells in a multicellular organism must be ready to respond to a variety of extracellular signals [1]. Incorrect interpreta-
tion or translation of such signals can result in diseases such as cancer. Extracellular signals include ligands on the surface
of cells, parasites, or allergens that can bind to cell surface receptors in the target cell membrane. Such transmembrane
signaling through receptor-ligand interaction plays important roles in immune responses. Our primary interest is immune
signaling by mast cells. Mast cells store granules with chemical mediators of inflammation. These mediators are released
when high-affinity Fc receptors (FceRI) specific for immunoglobulin E (IgE) are brought into proximity, i.e. aggregated.

In model systems, receptor aggregation is usually accomplished by cross-linking IgE-loaded receptors with multivalent
ligands [2] or by monovalent ligands bound to a fluid lipid bilayer [3-7]. In the latter model system as shown in Fig. 1,
the receptors are first aggregated in microclusters and then move by apparently performing diffusion or random walk
motion [5] to eventually coalesce to form a big central receptor patch, called the mast cell synapse [4]. The development of
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Fig. 1. Time-laps of receptor cluster coalescence. Total internal reflection fluorescence microscope images of mast cell loaded with fluorescent IgE-
receptor complexes pipette-pressed onto a fluid lipid POPC bilayer with 25 mol% DNP lipid after 12 s, 77 s, and 192 s of initial contact. Large-scale
reorganization of fluorescent receptors into a synaptic-like structure occurs within 3 min at 37 °C. Scale bar represents 5 pm.

such spatial patterns of receptors and the consequence for mast cell signaling is likely to be important for the interactions
of mast cells with various parasites [8]. To understand this most basic mast cell role, the underlying kinetics of synapse
formation in mast cells need to be understood. In this paper, we construct a simplified theory for receptor microcluster
coalescence based on our experimental observations.

Similar large-scale receptor clustering due to monovalent ligands in fluid membranes has been observed in other
immune cells, namely T cells and B cells [9,10]. In these immune systems, the large central patch is called an immuno-
logical synapse. The immunological synapse is thought to play a critical role in immune cell signaling between contacting
cells [9]. Therefore, the kinetics of synapse formation in T cells [11-13] and B cells [ 14-16] have been modeled extensively.
However, we have shown that important model parameters in T cell and B cell systems such as a second receptor-ligand
pair and centripetal cluster motion are not essential in the kinetics of mast cell synapse formation. Therefore, existing
theories of coalescence of signaling receptor clusters in immune cells cannot be applied directly to the mast cell system.

Further motivation to develop a new coalescence theory is given by shortcomings in existing theories, whose aim
is to describe particle aggregation or absorption. The simple problem of a stationary absorber in three dimensions was
first solved by Smoluchowski [17]. In this problem, a spherical stationary absorber is embedded into a distribution of
Brownian particles. He derived the reaction rate of Brownian particles with the sphere as the product of the surface area
of the absorber times the particle flux. That analysis assumes perfect absorption which means that it does not describe
particles that react at a finite rate. In using that analysis, modern theories of aggregation have typically simply multiplied
the Smoluchowski reaction rate by a probability of merging [18,19], resulting in a transition rate described by a product
of the probabilities. This, however, is seldom legitimate. This aspect of reaction-diffusion, i.e., imperfect absorption in the
reaction process presents a fundamental problem investigated thoroughly in a series of papers [20-27] in the context of
exciton transport and sensitized luminescence.”

For instance, Ref. [22] shows that the exciton trapping time can be best described as the sum of the time it takes to
move to the trap and the time it takes to get captured while at the site. This is not an assumption but the result of the
mathematical development. This led us first to reexamine the analysis of the signal receptor cluster absorption problem.
We found out that the standard use of the Smoluchowski reaction rate analysis suffered from another shortcoming in
that the effect produced on the diffusion field by the moving boundary of the stationary absorber seemed not to be taken
properly into account. A small collection of moving-boundary problems, which can be solved exactly, can be found in
Refs. [28-30]. It is noteworthy that it has been long recognized that the motion of the moving boundary must perturb
the diffusion field and hence several attempts have been made to model this effect [29,31,32]. We decided, therefore,
to construct our own analysis considering these various items and to be guided closely by our experimental coalescence
observations.

2. Reaction diffusion formalism and static expression

Focusing on our experimental observations outlined in Section 3, we address the following simplified problem. We
start with a certain amount of material that is divided into two parts. The first part is made into a disk of uniform density
and radius R(0) placed with its center at the origin. This disk represents the nucleation site of the central receptor patch
observed in our experiments. The initial disk radius is given by experimental observations. The rest of the material of
which the amount is Q(0) is taken to consist of random walking point particles throughout the two-dimensional space
outside the disk with a given known distribution.

As time proceeds, the point particles move in an appropriate type of motion, e.g. that we take to be purely diffusive
for simplicity until they touch the edge of the disk. With non-infinite probability (finite capture rate) the particles are

2 The interested reader might want to examine an entire chapter (Chapter 11) of a recently published book, most of that chapter having been
constructed to discuss this significant issue in the context of molecular crystals: Kenkre V. M. (2021) Memory Functions, Projection Operators, and
the Defect Technique: Some Tools of the Trade for the Condensed Matter Physicist. Springer Nature.
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absorbed into the disk. The process of absorption makes the disk attain a larger radius. In other words, we make the
simplifying assumption that the shape of the disk does not change. What changes is the radius R(t) of the disk. And
this occurs not necessarily instantaneously but could involve a rearrangement process that takes some finite time. We
start assuming it to be instantaneous, find the result incompatible with what is observed, and modify the theory to
accommodate the observation. This is an important ingredient, which makes our coalescence theory differ from processes
such as diffusion-limited aggregation [33,34], where finger-like structures develop. The purpose of the rest of the study
is then to calculate the evolution of R(t). For simplicity at this stage of the calculation, the point particles do not absorb
one another, although in the experiments described in Section 3 the contrary is certainly observed. This is a detail that
will be incorporated into the theory in the future.

Our simplified study may be formulated as a trapping problem with a trap whose location (boundary) changes
dynamically. The analysis proceeds by solving the appropriate trapping problem and obtaining an expression for Q(t)
(total survival probability at time t) the amount of the sprinkled material not yet absorbed into the central disk. We thus
begin our analysis with the standard defect technique [20] but find it natural to modify it during the process of application
to the observations.

The natural connection between Q(t) and R(t) can be made through the area of the growing disk, more specifically
the area A of a growing ring, with inner radius R(0) and outer radius R(t), is given by (R(t)2 — R(O)z). This area must be
proportional to Q(0) — Q(t), where the initial amount of material, Q(0), equals one. After applying the initial condition
that the area of the ring must be zero at time zero and it must be 7 (R(oo)2 — R(O)z) at infinite time, where the final
radius of the circular trap is R(oc0), we arrive at

R*(t) —R*(0)  Q(0)—Q(t)

R?(00) — R2(0)  Q(0) — Q(o0)’
The exponent of R(t) and R(0) will change according to the dimensionality of the system. Here we take it to be 2. Eq. (1)
starts from zero and rises to one and can be readily compared to experiment once Q(t) is known. The initial radius R(0),
the final radius R(o0), and Q(o0) are readily available from experiment. We normalize the initial amount of material to
Q(0)=1. For two-dimensional radial symmetric trapping problems, exact expressions for Q(t) can be obtained only in the
Laplace domain. Application of numerical inversion schemes can be applied to calculate the exact functional form for Q(t)
in time domain [35,36].

(1)

2.1. Reaction diffusion formalism

To incorporate the items of analysis that we have discussed above we formulate our reaction-diffusion formalism on
the basis of a 2-dimensional diffusion equation [27] describing the movement of the material with diffusion constant D
from outside a central disk of radius R to its circumference (border) and be captured by the disk border at a certain rate
G,. Such an equation would have the form in Cartesian coordinates, obeyed by the probability density P(x, y, t) of the
material at the point (x, y) at time ¢,

aP(x,y, t) 9%P(x,y,t)  0°P(x,y,t)
2 p +
ot ox2 ay?

— Y 8(x = x5y — ¥y )GP(x, . 1), (2)

r

the r-summation over the points with coordinates (x;, y,) being on the circumference of the representative disk. The prime
on the summation symbol describes the fact that those points constitute the defect region where material is captured. Here
G, is the two dimensional capture rate with unit of length squared divided by time. The actual movement is, needless to
state, in 3-dimensional space. However, numerous studies by us and others have indicated that provided the extent of the
motion is bounded in the additional (third dimension) an accurate representation is provided when the extent is small in
the third dimension, by a 2-dimensional calculation. The latter is more didactic when used in the analysis because it avails
of the small spatial extent in the additional dimension.> Due to cylindrical symmetry, (which becomes polar symmetry in
the 2-dimensional representation here of the 3-dimensional cylindrical cell), trapping is occurring throughout the border
of this disk which results in an integration over the polar angle 6. It is useful to rewrite this equation in polar coordinates

aP(r,0,t) D32P(r, 0,t) 4D <1 aP(r,0,t) n 1 32P(r, 6, t))
r

ar r2 062

ot or?
2
- T”a(r —RIGP(r, 0, t). (3)

3 Such supporting studies are not only numerical and can be produced at a moment’s notice but also analytical as suggested by the use made by
Fort et al. [37] in their analysis of triplet motion in molecular crystals on the basis of the approximate representation of Bessel function propagators.
This is the natural reason we have used a 2-dimensional analysis based on disks rather than a 3-dimensional counterpart in cylinders.
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Next we integrate the probability distribution P(r, 6, t) given in Eq. (3) over all space outside the disk border, giving the
material
Q(t) = ff drdOrP(r, 0, t) that has still survived without being absorbed, or for the rate of disappearance, dQ(t)/dt,

e :// drdor 2P0 %O (4)
dt at

An equation such as Eq. (2) written as it was originally [23,24,27,38] formulated leads to the survival probability Q in the
Laplace domain expressed as:

- 1 X0 €)
= - 1_ < I~
Q (e) |: 1/Cd+z/r17(xr,xr,6)i|’

€
and ¢ is the Laplace transform variable. Here 1 (%, Xr, €) is the self-propagator, 7 (x;, €) is the homogeneous solution at
/

(5)

the trap site in the absence of the trap, Z represents the sum over all trap sites which becomes an integral over the

boarder of the disk here, the x, denote verctors in the appropriate number of dimensions, and Cy is the d-dimensional
capture parameter. The units of the capture parameter depend on the difference between the number of dimensions of
the overall region in which motion occurs and the number of dimensions in which capture occurs. As derived in Ref. [39]
and explained in detail in Section 6.5 of a recent book [40], the capture parameter has units of reciprocal time if these
numbers are identical. But in our present case where the motion occurs in 2-dimensions but capture is 1-dimension, the
parameter Cy has units of area divided by time. In Eq. (5) we use tilde”to denote a Laplace transform. We refer the reader
to explicit derivations of Eq. (5) available at the places indicated and mention here only that physically it can be said to
arise from the renormalized statement of the rate of the survival probability being proportional to the probability in the
capture region.

Using this prescription in the continuum in which the point propagator becomes a radial propagator due to cylindrical
symmetry, one can calculate Q(t) for an initial circular symmetric distribution of diffusing non-interacting point particles
initially at Ry. The circular trap is centered at the origin and has a radius R. The radial propagator can be calculated from
the probability density for the particle to occupy the circumference of radius R given that it initially occupied that of
radius r,

PR = — ey, (R (6)
= t —_— .
s Iy 0 2Dt

4 Dt

as was done in [27]. Here Iy is the zero-order modified Bessel function. In the probability density function above, we put
r = R to calculate the self-propagator

IT(R,R, t) = LIPS <Y i (7)
YT 4nDt °\ 2Dt
and r = Ry to get homogeneous solution at the trap ring
1 R« (RR,
R, Ry, t) = et | — ). 8
1 (R, Ro, t) o 0 <2Dt (8)

If we Laplace transform both expressions and substitute them in Eq. (5), we obtain

oD

where ¢g = D/R? and yy = D/(R%). Here K, (z) is the nth order modified Bessel function of the second kind. Eq. (9)
describes a permeable trapping boundary. However, experimental observations indicate that the central trap grows only
after a successful receptor patch melding event. Therefore, an expression for impermeable membranes and finite reaction
rate must be used. Fortunately, such expressions are available readily from previous investigations of the equivalence
between the stationary trapping theory and the theory of conduction in heat and solids because of translational invariance
of the propagator in the absence of a capture process [27,41]. For this purpose, we use Carslaw and Jaeger [42] with the
substitution of the reaction rate with C,/[27DR(0)] as outlined in detail in our previous work [27] to obtain an expression
for an initial distribution of particles along a ring of radius ry

Ko [ro/5]
2 2
271[C)f(0) \/%K] |: R(Og e] + KO |: R(%) e:|

4

m

X 31—

N | -

Qe, 10) = (10)
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Table 1

Essential model parameters pertaining to experimental data available in Ref. [46].
Values represent the mean =+ corresponding standard deviation obtained from five
different data sets.

Parameter Value

Cluster diffusivity, D 0.011 & 0.004 pm?/s
Initial cluster size, R(0) 1.1 £ 0.2 um

Final patch size, R(oco) 32 4+ 0.4 pm
Cell-substrate contact radius, r} 5.75 + 0.66 pm
Amount of material not absorbed, Q(c0) 0.26 + 0.11

In our experiments [5], we observed that the number of clusters found at a radial distance r from the center of the
cell-substrate contact area is proportional to r. Since the radius of the contact area, rj can be estimated from experiments,
the survival probability can be written as a superposition by integrating Q over the normalized initial point-particle
distribution

- 2 o~

Q(e) = r(,)Z_TO)Z R(O)Q(C ro) To dro. (11)

Note that the lower limit of the integration is R(0). After integrating (Nz(e, o) given in Eq. (10) over the initial particle
distribution, using

0 / R(0)2D R(0)2 [r2D 2
/ roKo |:T'o 6] drg = \/ ©0) K, \/ (OFe | _ LI{] fo€ (12)
R(0) D € D € D

one obtains

a( ) 1 2 %?)IG [%«/TG] — K [«/‘L’G] 13
€)= —— X )
€ . |:1 _ R(r(/)2)21| Etek [%«/16] + /7€Ko [%’)./re]
0

Here, the dimensionless parameters are defined as t = (ré)z/D and & = 27DR(0)/[C, rgl. Eq. (13) is one of the two
equations connecting Q and R. This equation only works when the radius of the trapping disk is unchanged during
the capture process. However, the radius of the disk is changing and hence Eq. (13), after numerical inverse-Laplace
transformation, is substituted into Eq. (1) to obtain an expression that describes the growing radius R(t) of the central
disk that is observed in experiment. We perform a direct comparison of these two simultaneous equations to experiments
in the next section.

3. First comparison to observations and quantitative failure

To investigate receptor cluster coalescence in mast cells, the rat basophilic leukemia 2H3 (RBL) cell line was used as
a model [4-7,43-45]. Experimental data that is available for use in Ref. [46], was obtained from total internal reflection
fluorescence (TIRF) images of fluorescently labeled IgE-FceRI complexes pipette-pressed onto a fluid ligand presenting
bilayer. When a RBL cell loaded with fluorescent IgE contacted a monovalent ligand bearing fluid lipid bilayer, receptor
microclusters instantaneously appeared and brightened within seconds due to receptor trapping at close points of contact
between the cell and the substrate [5]. After receptor microclusters formed they moved with both a diffusive and directed
motion component and coalesced to form a big central patch [4-7]. This largest receptor patch predominantly formed in
the center of the cell-substrate contact zone [8] of radius rj which was estimated from data available in Ref. [46]. Using this
data, we also estimated an average receptor cluster diffusion coefficient D using temporal image correlation analysis [47].
The initial radius of the central receptor patch R(0), the final central patch radius R(occ), and the average amount of
material not yet absorbed Q(o¢), were obtained by an image thresholding technique. Briefly, we used Image]'s [48]
particle analyze tool to calculate receptor cluster and receptor patch radii at each time point for five different cells.
Corresponding parameter values are listed in Table 1. Additionally, the previous analysis showed further that clusters are
initially randomly distributed [5] and that the initial average distance between two clusters was 350 nm. Cluster motion, of
cluster diameters from 0.4 to 1.2 pm, did not depend on size [8]. Qualitatively, not every cluster-cluster contact resulted
in coalescence, rather cluster coalescence occurred at a finite rate. Moreover, our experimental observations suggested
that at early times of cell-substrate contact (<1 min), receptor clusters did not coalesce on contact. Only at late times
was the merging process more frequent. Accordingly, the receptor cluster size-time curve is characteristically sigmoidal
(see Fig. 2).

Fig. 2 fits the experimental data (black error bars) to Eq. (1) after numerical inverse-Laplace transformation of Eq. (13),
using the mean value of experimental parameters given in Table 1 and extracting the mean of the maximum receptor
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Fig. 2. Failure of the simple theory. Comparison of data to a coalescence theory for finite coalescence probability given in Eq. (13) with inverse-Laplace
transforming Eq. (13) for & = 0 (instantaneous coalescence for G, — 00), best fit £ = 0.007, and & = 0.1. The bars represent the error obtained
from the propagation of errors using the standard error of the mean obtained from five individual cell data sets.

cluster or receptor patch radius at each time point, R(t). The only fitting parameter was finite capture rate C,. The best
fit is shown by the solid black line with dimensionless capture parameter £ = 27 DR(0)/[C, ry] = 0.007. The best fit was
performed by minimizing chi-squared

() —
2 i i
g ; ( oi ) ' (14)
Here N = 251 is the number of data points in the time series, u; is the observed mean of the data with a standard deviation
oj, and f(x;) is the predicted mean obtained from Eq. (1). For comparison, gray lines show instantaneous coalescence
(¢ = 0) as well as higher values of the capture parameter, £ = 0.1.

From this direct comparison of theory and experiment, we conclude the following. At early time < 60 s, experimentally
observed receptor cluster coalescence in mast cells, when presented to a fluid ligand-bearing membrane, seems to
be delayed. This observation suggests that our coalescence theory for a constant capture rate does not explain our
experimental data at early time. The observation motivates us to develop a theory that considers a time dependence
of the reaction rate as outlined in the next section. Such a time-dependent change in reaction rate might be due to a
biological or kinetic response mechanism, which is coupled to the observed delay in cluster coalescence, leading to a
coalescence process that is non-local in time.

4. Time dependence of reaction rate and a memory representation

The rearrangement of material absorbed into the central disk is not instantaneous. If it were, we could consider the
solution of the two simultaneous equations relating the disk radius, R(t), and the quantity of material not yet absorbed,
Q(t). To remain compatible with our simplified assumption that we consider the disk always circular, we must allow for
the finite time taken by rearrangement. This means that the capture process must be considered time-dependent, i.e., C;
must be considered time-dependent. However, analytical procedures for treating an equation such as Eq. (3) but with
a time-dependent C,, are not available, the defect technique’s primary tool being Laplace transformation. It turns out,
however, that a capture process represented through a memory function, which means through a convolution, is perfectly
natural to the formal procedure involved in the defect technique. We will discuss the relationship of a time-dependent
capture to a memory capture function in Section 6 below. For now, we generalize Eq. (3) for this purpose specifically into
the form

3P(r,9,t) 82P(r 0,t) 19P(r,0,t) 1 8%P(r,0,t)
+D( - + =
at or? r or r2 002

2 t
_ T(S(r —R) [/ dsc(t — s)P(r, 0, s)] , (15)
0

where C is the capture memory. The evolution of P(r, 6, t) would then depend not only on the current time t but prior
times s as well. The only modification of a result such as Eq. (15) for Q in Laplace domain, with no change except the
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0 20 40 60 80 100 120 140
time (s)
Fig. 3. The success of the theory when a memory-dependent capture is incorporated and extraction of system parameters C, and «. Best fit procedure

with Eq. (1) results in « = 33 x 107'?/s and «C, = 0.12 m?/s?. The bars represent the error obtained from the propagation of errors using the
standard error of the mean obtained from five individual cell data sets.

replacement of the constant C, by the Laplace transform of the capture memory C(¢), is

~ _ 1 _ Z;Fﬁ(xr’e)
Q@ =7 [1 1/8(e)+2’rﬁ(xr,xr,e)]

We now choose the capture memory in the time domain as C(t) = Gaae™®" for the twin purpose of simplicity and for
convenience to return to a memory-less capture situation by taking the limit « — oo and thereby making the memory
Gy4(t). The result is

-1 2
T . |:1 _ Ri?z)z:|
0
2 227 —r v
ZORONese ey [ A9 7€ ] + vreko | A2 e |

which is the first of the two simultaneous equations relating the quantity of material not yet absorbed, Q(t), and the disk
radius, R(t), given in Eq. (1) for the case of non-instantaneous rearrangement of material being absorbed into the central
disk.

(16)

(17)

5. Success in agreement with observation

Qualitative experimental evidence as presented in Section 3 suggests that the observed delay is connected to a
time-dependent coalescence probability; at early times of cell-substrate contact, cluster—cluster contact does not lead
to coalescence, whereas at later times almost every contact of two clusters leads to coalescence. We now employ a
generalization of our coalescence theory with a trapping process characterized by a memory kernel as outlined above, in
Section 4. A comparison of this model given in Eq. (1) with inverse-Laplace transforming Eq. (17) is depicted in Fig. 3.

The theoretical curve (depicted in red) results in a much improved fit of our generalized theory with exponential
memory C(t) = Gae " and best fit @« = 33 x 10712/s and «C, = 0.12 m?/s. Other parameters are known from the
experiment and given in Table 1. The comparison clearly shows that the biological receptor cluster coalescence delay can
be qualitatively explained by a time-dependent capture memory with a characteristic time of the order of several tens
of picoseconds. It is comforting to realize that there are specific biological processes that occur at such short time scales,
exemplified by enzymatic activity.*

4 For example, adenylate kinase is an enzyme that controls the energy balance in cells by catalyzing adenosine triphosphate (ATP) and adenosine
monophosphate (AMP) into two adenosine diphosphate (ADP) molecules [49]. For this kinase, fluctuations on the picosecond time scale have been
experimentally linked with protein dynamics on the micro- to millisecond range [50]. Initial IgE-FceRI receptor cluster formation in RBL cells, when
presented to a fluid ligand-bearing membrane, also occurs in the millisecond range [5].
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6. Discussion

Coalescence of signal receptor clusters in mast cells is an important phenomenon, experiments carried out by one
of the authors (K.S.) have indicated characteristic features that must be explained, and existing theories are wanting in
several respects. We have undertaken the construction of our own theory for the process which we have explained in
the preceding sections. It is based on interesting new concepts, fails in its simplest form but succeeds in its more mature
form. The preliminary failure and the eventual success are both instructive. Comparison of theory to observations allows
us to extract system parameter values that are reasonable. We discuss now the manner in which we have arrived at the
theory in this final Section.

Coalescence involves centers that evolve in time as they move and come together. The processes of their motion and
their combination are therefore important to understand, both individually and as they interact with each other. Previous
attempts to address the phenomenon by employing Smoluchowski arguments and using the subterfuge of multiplying
the reaction rate by a probability of merging [18,19] are not appropriate as shown by several examinations carried out
in reaction-diffusion scenarios in other systems [20-27]. There are several features of the coalescence phenomenon that
require deeper consideration including the fact that it involves moving boundaries where the reaction-diffusion process
occurs.

Our method starts by focusing on point particles constituting the material moving in a simplified 2-dimensional
space outside a central region. Their meeting the borders of the central region (taken as a circular disk that increases
in radius as material attaches to it) causes the coalescence. Taking the moving material as made of particles of no size
and neglecting their coalescence with one another leading to the formation of disks of finite size in addition to the central
disk are assumptions justified by simplicity in the calculation. It is hoped that further steps in the theory will relax these
restrictions. The motion turns out to be clearly diffusive and therefore a random walk is envisaged. A finite rate of blending
with the central disk is assumed. The defect theory developed for instance in [38] is applied in a circular geometry, as
in [27], in a form that is recognizable also from the work of Carslaw and Jaeger [42]. The starting equation is Eq. (3).

The method then proceeds with the help of two equations that relate the time dependence of the central expanding
disk radius R(t) to the material amount Q(t), Eq. (1), and Eq. (5) which for the circular geometry takes the form of
Eq. (13). The latter has in its information about the initial radius of the disk and information about the geometry through
Laplace transforms of K-Bessel functions. The basic idea is to use the defect technique of Montroll [51] to calculate the
accumulation of material into the disk, the latter process to augment the radius and thereby move the boundary and thus,
in a feedback manner, to build up the size of the central disk.

The favorable features of this theory are the correct treatment of the accumulation process by avoiding the multipli-
cation of probabilities that has been part of earlier analysis and using the feedback process so that the moving boundary
effect is incorporated. Perhaps surprisingly, the theory fails spectacularly when compared with observations. This is seen
in Fig. 2.

It is evident that it is not a question of merely choosing alternate parameters for the system. The failure points clearly
to the fact that the experiment displays multiple time constants in the evolution of the radius which is sigmoidal in nature.
The recognition of the need for two time constants leads to modifying the theory first to include a time-dependent capture
rate C,(t) and then, for computational ease to include a capture memory C(t).

What leads to a time-dependent capture rate or a capture memory? And what is the meaning of the connection
between these two ways of including the process in the analysis? These are two questions that need to be answered.
We treat them in reverse order.

6.1. Memory representation of a time-dependent capture process

There are many instances in statistical mechanics where we come across the need to approximate a convolution type
of term

f dsa(t — s)b(s) = / dsa(s)b(t —s)
0 0

where one of the functions a, b is much more rapidly varying in time (¢ and s stand for time) than the other. Let us take
the slowly changing function to be b. The half-Markoffian approximation [20,52-54] consists of taking this slow function

out of the integral and performing the integral of the fast function, fot ds a(s)) as A(t), such that we can write

f dsa(t — s)b(s) ~ A(t)b(t). (18)
0

Let us briefly examine the validity of such an approximation. Let us consider a term

I(t):/ ds Be Pt=s)e=s", (19)

0
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Fig. 4. Examination of the validity of the half-Markoffian approximation. The exact expression is I(t) as in Eq. (20), see text (black solid line). The
approximate expression (red dots), obtained by pulling the slow factor out of the integrand but maintaining the upper limit of integration as t, and
doing the integral of the fast factor, is Eq. (21). The main figure shows the case of large 8 = 5 (time variations of the two factors of the integrand
disparate). The approximation is reasonable both at short and long times. Insets show the cases 8 = 1/5 which means the variation is disparate
but the fast one is taken out of the integration. This case shows the approximation to be bad. In our analysis we use the approximation in reverse:
to replace a product of time functions by a convolution. See text.

which is at once evaluated exactly in terms of the error functions erf(y) = (2/./7) foy dze? as

I(t) = B’ 14/ /2)e " [erf(t — B/2) — erf(—p/2)]. (20)

If we were to make the half-Markoffian approximation on I(t), taking Se#! as the rapidly varying function a, the result
of the half-Markoffian approximation is to represent I(t) as

I(t) =e* (1—e). (21)

Fig. 4 shows a comparison of the exact result Eq. (20) for I(t) with the approximate representation Eq. (21) for two values
of B: 5 in which case (shown in the main figure) the exponential is certainly rapidly varying relative to the Gaussian, and
1/5 (shown in the inset of the figure) in which it is not. We see that the latter case is hopeless as an approximation but
the former case shows itself to be a fine approximation both qualitatively and quantitatively for small and large times in
particular.”

That the failure of a description via a process of capture involving a single time constant viz., the reciprocal of
the capture rate, is clear from Fig. 2. Armed with this assurance of the half-Markoffian approximation as a reasonable
procedure, we incorporate it in our problem in reverse, i.e., approximate a product of two functions in time by a
convolution.

6.2. Rearrangement process that leads to a time-dependent capture process

Comparison to experiment, as shown in Fig. 2, has made it essential that the theory we have constructed should
incorporate time-dependence in the capture process (equivalently, the memory phenomenon). The idea comes from the
rearrangement process that makes the radius R(t) of the growing disk evolve into a new value and, consequently, the
absorbing surface into a new position from where it captures further material. The rearrangement process drives the
previous value of the radius, which we will call r(t) to the value R(t). The simplest manner of describing the process is
through

dr(t)

— Helr-RO1=0 (22)

5 Incidentally, the full approximation means taking the upper limit in the evaluation of A(t) to infinity and that is never a good approximation
at small times. But that has little relevance to our present analysis.
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where « is the rate of the rearrangement process. In the Laplace domain, this leads to

~

~ r(0) aR(¢e) o ~
r(e)_€+a+e+a—>(€+a>R(e). (23)

The extreme right-hand side expression applies at large times with respect to 1/« when the memory of the initial value
r(0) is lost and the old and new values of the radius of the disk are seen to be related to each other through a convolution.

This slaving of the variable r by the driving variable R is the origin of the memory arising from the rearrangement
process. We have borrowed this concept from its use in the analysis of the nonadiabatic nonlinear dimer performed long
ago by Kenkre and Wu [55-57]. In that analysis the driving and driven variables were the vibrational displacement and
the site probability difference respectively. Here they are simply the radius of the disk before and after the rearrangement
process.

7. Conclusions

While the theory of coalescence we have constructed above is far from a finished task, there being several elements to
be worked on as we shall state explicitly below, we believe we have achieved a reasonably satisfactory understanding of
the processes involved in the experiments cited. The following discussion should clarify what we have in hand and what
needs to be done.

7.1. Essence of the theory proposed in this work

The theory of coalescence we have constructed above is based on simple statistical mechanical considerations of a
general nature rather than on specific mechanisms that might be operating in the system considered. We believe we have
achieved a reasonably satisfactory understanding of the process involved in the type of experiment cited. A capture process
leading to aggregation after rearrangement, the incorporation of the rearrangement in general terms via a time-dependent
capture, and the specific representation of the time-dependence by a memory function are the elements of the theory. That
coalescence of signal clusters occurs in the experiment [4,5] was quite clear on observation in the laboratory. How it can
be described theoretically was the problem that needed to be solved. What was accessible in the literature for this purpose
was not sufficient. There were two primary limitations to what was available. There was a general tendency towards using
perfect absorber analysis that entails first passage times and the assumption that reaction-diffusion phenomena involve
only infinitely fast capture. And where this was supplemented by separate considerations of capture, it was generally
assumed that it could be treated by multiplying a probability associated by the capture process to one associated by the
motion process.

This probability multiplication prescription cannot be used in reaction-diffusion unless the two processes, motion and
capture, are independent of each other. The situation and analysis were similar to those that had occurred decades earlier
in the literature on Frenkel exciton motion and capture in molecular crystals and photosynthetic units. Lessons learned
in that field [38] were useful to the theory reported here.

7.2. Further comments

Coalescence is a degree more complicated than the simple reaction-diffusion process encountered in trapping or
photosynthesis. It has feedback features that had to be respected in our analysis. Explicit comparison to experiment,
carried out by us during the process of construction of various stages of our analysis uncovered what was lacking in the
analysis. We found that the straightforward application of a reaction-diffusion scheme predicted a growth curve for the
radius of the aggregated cluster that was characterized by a single time constant. The experiment clearly predicted a
two-time constant curve.

There was no escaping the fact that a significant departure from usual theories of reaction-diffusion was necessary. We
argued that the fact that clearly two time-separated processes, one a capture of material and the other a rearrangement
in the capturing disk, caused the accumulation process. The time separation idea led us to develop a reaction-diffusion
process with time-dependent capture. To incorporate such time dependence into the reaction-diffusion formalism was not
trivial analytically. A memory function approach to capture, based on the convolution-kind slaving relationship between
the disk radius r(t) before the rearrangement process and R(t) after the process,

r(t) = f dse(t — s)R(s), (24)
0

led to satisfactory fit to observations. Note that the memory ¢(t) naturally occurs as ae™®‘ so that one returns to an
instantaneous relationship as 1/«, the characteristic time of the rearrangement process memory tends to zero making
¢(t) a 5-function. The approach also allowed us to extract in the process, values for the capture rate constant C and the
time for rearrangement 1/« both of which appeared to be reasonable for the underlying processes.

Often, particularly in biological systems, memory functions with forms richer than the simple exponential appear as
a consequence of the complexity of the underlying processes. For our experiments analyzed in this paper, it has been
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unnecessary to introduce this complexity: adequate fitting of data with our theory has been possible with the simple
exponential memory. However, it is wise to be on the lookout for a greater degree of richness in the reorganization process
underlying the coalescence. We plan to do this in future investigations on other systems where it may be necessary to
consider, for instance, power kernel memories. Such power dependences are ubiquitous in biological systems. We have
not discussed the relevant formalism here for a reason. The purpose of the present manuscript has been to focus on the
problem of time-varying capturing region solved in the manner shown; we have thought it advisable not to dilute the
idea by including an analysis of power memories in this same publication.

Among items that remain to be developed are the inclusion of power kernel memories and the study of their
consequences, the incorporation of the coalescence of moving particles outside the disk into independent centers, the
interactions and coalescence of those finite-size particles with one another, and the relaxation of simplistic considerations
that we have used by restricting the analysis to highly symmetrical disk shapes of the forming centers. It is our intention
to pursue them in future studies.
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