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An e volution  e qua tion  is  pre s e nte d to  de s cribe  the  tra ns port o f a  qua ntum me cha nica l qua s ipa rticle  s uch a s  a n e le c tron , 
o r e le c tronic  o r vibra tiona l e xcita tion, inte ra cting s trongly with la ttice  vibra tions . A ge ne ra liza tion of the  dis cre te  nonline a r 
S chrrd inge r e qua tion  to  incorpora te  dis s ipa tion a nd fluctua tion e ffe cts  a ris ing from inte ra ctions  with a  the rma l re s e rvoir, 
the  e qua tion  pre dicts  a  multitude  of inte re s ting phe nome na  including bifurca tions . 

1. Introduction 

Alwyn  S cott ha s  initia te d, pe rfo rme d , s timu- 
la te d , a nd  guide d , a n a ma zing a moun t o f curre n t 
re s e a rch  in nonline a r phys ics . The  community o f 
non line a r s cie ntis ts  owe s  much to  him. It is  a  
p le a s ure  a nd a n honou r to  be  a s ke d to  ma ke  this  
con tribu tion  to  the  Fe s ts chrift on  the  occa s ion o f 
his  s ixtie th b irthda y. The  ra nge  o f Alwyn 's  work 
in nonline a r s cie nce  is  va s t. It s pa ns  a  va rie ty o f 
s ys te ms  a nd  a pproa che s , a nd de a ls  with pra ctica l 
ma tte rs  s uch a s  the  p rob le m o f la unching s olitons  
a nd  the  s pe c tra  o f a ce ta nilide , a s  we ll a s  forma l 
ma tte rs  s uch a s  the  dyna mics  o f nonline a r 
s ys te ms  a nd  the  ge ne ra liza tion  o f nonline a ritie s  
[1-4]. 

The  s ub je c t o f the  p re s e n t a rticle  is  the  
ecumenical nonline a r yon  Ne uma nn  e qua tion  

= [ v ,  p ] , . , ,  - X(Pmr. -- P . . )P , . .  

X 
- i T p, . . ( IV ,  P],.m -- [V, p]. . )  

- ia ( 1  - ~ , . . ) (P , . .  --Pmn)eq . (1) 

Be fo re  de s cribing the  what, whe nce , a nd whither 
o f this  e qua tion , it is  re le va nt to  c o m m e n t on  the  

re la tion o f the  e qua tion  to  Alwyn  S cott. The re  
e xis ts  a  nonline a r tra ns port e qua tion  which goe s  
unde r the  na me  o f the  dis cre te  nonline a r S chr6d- 
inge r e qua tion  (DNLS E ),  whos e  s tudy ha s  oc- 
cupie d  ma ny inve s tiga tors , including the  p re s e n t 
a u thor [5-8], for s e ve ra l ye a rs . Equa tion  (1) is  
the  a ugme nte d  form ta ke n  on  by the  DNS LE ,  
whe n the  la tte r is  o p e n e d  to  he a t re s e rvoirs  a nd 
p re pa re d  for s tocha s tic  a ctivitie s  th rough  the  
in troduction  o f dis s ipa tion a nd  fluctua tion. The  
DNLS E ,  on  the  o the r ha nd, is  ide ntica l in fo rm 
to  the  s o-ca lle d dis cre te  s e lf-tra pping e qua tion  
(DS TE ),  in troduce d  e a rlie r, a nd s tud ie d  e xte n- 
s ive ly, by Alwyn S cott a nd his  co lla bora tors . 

While  ide ntica l in form, a nd the re fo re  in the  
re le va nce  o f a  numbe r o f re s ults  s uch a s  con- 
ce rning s ta tiona ry s ta te s , the  DS TE  a nd the  
DNLS E  diffe r s ignifica ntly in phys ica l me a ning. 
This  is  e vide nt from the  role  p la ye d  by qua n tum 
me cha nics  in the  two  e qua tions . The  comple x 
na ture  o f the  a mplitude s  in the  DNLS E  a re  a  
re qu ire me nt o f qua n tum me cha nics  a nd  the  
s tudy o f the  in te rpla y o f pha s e s  a nd nonline a rity 
is  a n unde rta king  o f dire ct phys ica l import. The  
comple x na ture  o f the  a mplitude s  in the  DS TE ,  
on  the  o the r ha nd, is  a  conve nie nce  o f the  type  
fa milia r in e le c troma gne tis m whe re  fie lds , which 
a re  a ctua lly re a l, a re  de s cribe d  b y comple x 
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qua ntitie s  for computa tiona l e a s e . The re  is , thus , 
work on  the  "qua n tiza tion" of the  DS TE, which 
a ppe a rs  to  ha ve  no counte rpa rt a t a ll in the  
conte xt o f the  DNLS E. Als o , the  two e qua tions  
d iffe r in phys ica l origin. We  be gin with a  brie f 
motiva tiona l dis cus s ion of the  micros copic origin 
o f the  DNLS E  in the  ne xt s e ction. Afte r a  quick 
re vie w of e a rlie r work on the  DNLS E in the  
following s e ction, we  in troduce  noninfinite  re la x- 
a tion  a nd  the rma l fluctua tions , a nd a rrive  a t the  
e cume nica l e qua tion  (1), which ha s  be e n  s o 
te rm e d  be ca us e  it is  ca pa ble  o f re s olving the  
compe tition  a nd  conflicts  o f nonline a rity a nd 
da mping , or o f fluctua tion a nd dis s ipa tion, s ince  
it unifie s  the  de s cription of a ll the s e  e ffe cts  in 
one  fe ll s woop. The  fa s cina ting cons e que nce s  of 
the  a ugme nte d  e qua tion  will occupy us  in the  
re s t o f the  a rticle . The  s ubje ct unde r inve s tiga - 
tion  is  the  tra ns port o f a  low or in te rme dia te  
mobility qua s ipa rticle  unde r s trong inte ra ctions  
with  vibra tions . Exa mple s  a re  a n e le c tron in a  
na rrow-ba nd  ma te ria l, a  vibra tiona l or e le ctronic 
e xcita tion  in a  po lyme r, a nd  a  light inte rs titia l 
s uch a s  a  p ro ton  or muon  in a  me ta l. The  
no ta tion  in (1) is  s ta nda rd: p re pre s e nts  the  
de ns ity ma trix o f the  qua s ipa rtic le , the  ma trix 
e le me nts  a re  ta ke n  in the  re pre s e nta tion  o f s ome  
loca lize d s ta te s  s uch a s  a  Wa nnie r s e t, a nd the  
fou r te rms  on the  right s ide  a ris e  from inte rs ite  
tra ns fe r, nonline a rity s te mming from inte ra ctions  
with  vibra tions , finite ne s s  o f vibra tiona l re la xa - 
tion , a nd  the rma l fluctua tions , re s pe ctive ly. 

2. Phys ical motivation o f the  DNLS E 

Cons ide r a  moving qua s ipa rticle  de s cribe d by 
the  ke t [q '(t)) whos e  time  e volution  is  gove rne d 
by the  Ha milton ia n  H th rough  ih ( d lg t ( t ) ) ) / d t  = 
Hl~ ( t ) ) ,  i.e . ,  the  s ta nda rd  S chr6dinge r e qua - 
tion. On  multip lying the  e qua tion  by a  Wa nnie r- 
like  loca lize d bra  (m I, one  obta ins  

dCm  __ "~  
ih  d t  - ~7' VmnCn + ErnCm ' (2) 

for the  a mplitude s  c. m whe re  the  E 's  a nd the  V's  
a re , re s pe ctive ly, the  dia gona l a nd off-dia gona l 
ma trix e le me nts  o f the  Ha milton ia n  in the  loca l- 
ize d ba s is . If in te ra ctions  with vibra tions  a re  
pre s e nt, the  V's  a nd E 's  a re  de pe nde n t on the  
vibra tiona l coordina te s  x. For s implicity, le t us  
ta ke  V,, to  be  inde pe nde n t o f x, a nd  E m to  
de pe nd  line a rly only on the  in te rna l coord ina te  
x,~ a t s ite  m. In the  a bs e nce  of in te ra ctions , x,, 
might ha ve  e volve d s inus oida lly with fre que ncy 
~o a nd e quilibrium pos ition 0. It might na tura lly 
obe y, in the  pre s e nce  of in te ra ctions , 

d2xm  
dt'--- T -  + (D2Xm  ~- -c o n s t.  × Icm[ 2 , (3) 

whe re  the  e quilibrium pos ition of the  os cilla tor is  
cha nge d by a n a moun t proportiona l to the  prob- 
a bility tha t s ite  m is  occupie d by the  qua s i- 
pa rticle . In the  pre s e nce  of a  time  s ca le  dis pa rity, 
if the  vibra tions  a re  s la ve d by the  qua s ipa rticle  
proba bilitie s , the  time  de riva tive s  in (3) ma y be  
put e qua l to  ze ro. The  vibra tiona l coord ina te  is  
the n  proportiona l to  the  qua s ipa rticle  occupa tion  
proba bility, a nd we  obta in  the  DNLS E  

d c  m 
ih --d T -  = ~ ,  V m ,C " -- xlc 12c  . (4) 

n 

The  a bove  de s cription of the  origin o f the  
DNLS E is  me a n t to  conve y only its  e s s e ntia l 
phys ica l conte nt. While  we  do not wis h to  dis cus s  
he re  the  ma ny s ubtle tie s  which the  micros copic 
de riva tion of the  DNLS E e nta ils  [9,10], we  now 
give  a  brie f de s cription of how the  DNLS E  ca n 
be  obta ine d  through a  s e m ic la s s ic a l a p p ro x im a -  
t io n  from the  Ha milton ia n  e volution  of the  
s ta nda rd  mode l of a  qua s ipa rticle  in te ra c ting  
s trongly with vibra tions , viz., 

H =  ~ t ~,mamam + E t Win,haman m rll,n 

-~- E h f'Oq ( b tq b q + 12 ) 
q 

+ N - l/ 2  E hOgqgq 
q 

b* " * × e xp (iq .  R , , , )  (b  v + _ , ) a m a m  . (5) 
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E q u a tio n  (5) us e s  s ta n d a rd  n o ta tio n  which  we  
will n o t de ta il h e re ,  e xce p t fo r s ta ting  th a t a  a n d  
b re fe r,  re s pe c tive ly,  to  the  qua s ipa rtic le  a n d  the  
vib ra tions  with  which  it in te ra c ts  s trongly. With  

= atla ~ - a ~ a 2 ,  (6a ) 

= -i(a ~ a  2 - a ~ a l) ,  (6b) 

P -- * a ~ a l,  (Oc) -- a~a 2 + 

= - ( b * + b ) / 2 g ,  (6d) 

th e  Ha m ilto n ia n  (5) ca n  be  writte n ,  fo r a  s imple  
two-s ite  s ym m e tric  s ys te m (a  d ime r) in te ra c ting  
with  a  s ingle  vib ra tiona l c o o rd in a te ,  a s  

H =V P +g t o ~ ( b * +b ) +t o ( b *b +½ ) .  (7) 

He re  V d e n o te s  th e  in te ra c tio n  ma trix e le m e n t 
fo r th e  qua s ipa rtic le  tra n s fe r b e twe e n  the  two  
s ite s  o f th e  d im e r,  g m e a s u re s  the  coup ling  
s tre n g th  with  the  vib ra tion  o f fre q u e n c y to, a n d  
we  h a ve  p u t th e  (ide n tica l) s ite  e n e rg y o f the  two  
s ite s  e q u a l to  z e ro : He n c e fo rth  we  p u t h = 1. 
E q u a tio n  (7) th e n  re s u lts  in th e  fo llowing  e volu- 
tion  fo r the  q u a n titie s  d e fin e d  in  (6): 

d p =  2Vq (8a ) 
d t 

d___~ = - 2 Vp  - XP)~ (8b) 
d t 

dP  
d t - xq )3 '  (8c) 

d2)3 - to 2 0 3 - iO ) .  (S d) 
d t 2 - 

Le t us  n o w ta ke  the  e xp e c ta tio n  va lue s  o f the  
o p e ra to rs  in  a n  in itia l s ta te  ~b, a n d  d e n o te  the s e  
va lu e s  by re m o vin g  the  c ircumfle xe s , i.e . ,  ~" = 

T h e  s in g le  a s s u m p tio n  th a t ~ is  c la s s ic a l 
c o n ve rts  the  e xa c t d yn a m ic s  in to  the  DNLS E ,  a s  
it is  trivia l to  s how [6-8] th a t e qs . (8) re writte n  
with o u t th e  c ircumfle xe s  re p re s e n t the  DNLS E  
fo r the  two-s ite  s ys te m, the  p ,  q a n d  r be ing  
n o th in g  o th e r th a n  th e  s ta n d a rd  F e yn m a n  de n- 

s ity m a trix e le m e n t c o m b in a tio n s  o f the  two-s ite  
s ys te m  (d ime r): 

P  = P ll - t022 , q = i(P12 - P21) , 

r = P12 + P21 • (9) 

While  s imple , the  fo re g o in g  d e m o n s tra tio n  
m a ke s  tra n s p a re n t wh a t c ruc ia l a s s u m p tio n  is  
re s pons ib le  fo r the  pa s s a ge  fro m  micros cop ics  to  
e vo lu tio n  e q u a tio n s  s uch  a s  the  DNLS E .  It is  
c le a rly the  a s s u m p tio n  th a t th e  vib ra tions  m a y be  
c o n s id e re d  cla s s ica l. Th is  fa c t,  while  we ll kn o wn  
to  m a n y,  ha s  o fte n  g o n e  u n a p p re c ia te d .  Th is  ha s  
le d  to  n u m e ro u s  inco rre c t,  a lth o u g h  wis h fu l,  
a s s e rtions  o n  the  o n e  h a n d  a n d  me a n in g le s s  
que rie s  o n  the  o th e r.  

3. Nonline ar capture  and trime r, N-me r 
e volution 

Be fo re  p ro c e e d in g  with  the  p roce s s  o f th e  
a u g m e n ta tio n  o f th e  DNLS E  in to  the  e c u m e n ic a l 
fo rm  (1),  it is  o f in te re s t to  re ca ll th e  la rge  
n u m b e r o f in te re s ting  a n d  us e fu l re s u lts  which  
ha ve  e m e rg e d  fro m  the  DNLS E  in  a  va rie ty o f 
s itua tions . S pa ce  limita tions  fo rce  us  to  d o  n o  
m o re  th a n  lis t the  p rim a ry c o n te xts  o f s o m e  o f 
th a t wo rk,  a long  with  s o m e  s ligh tly g re a te r de ta il 
o n  two  s pe cific  a re a s ,  viz. n o n lin e a r tra p p in g  
[11,12] a n d  e xa c t a na lys is  o f s o m e  s pa tia lly 
e xte n d e d  s ys te ms  [13,14]. F o r fu rth e r de s crip- 
tion ,  the  re a d e r m a y re fe r to  s e ve ra l m o re  
de ta ile d  re vie ws  [6-8]. 

Th e  fo llowing  is  a  lis t o f s o m e  e a rly wo rk d o n e  
o n  the  DNLS E ,  i.e . ,  fro m  the  infin ite  re la xa tio n ,  
z e ro  te m p e ra tu re  limit o f (1): 

(1) E xa c t s o lu tions  fo r the  d yn a m ic s  o f th e  
two-s ta te  s ys te m fo r a rb itra ry in itia l c o n d itio n s  
a n d  th e  e lu c id a tio n  o f p o la ro n ic  m o tio n  a n d  s e lf- 
tra p p in g  o n  th e  ba s is  o f th o s e  s o lu tions  [5]. 

(2) Ap p lic a tio n  to  fluo re s ce nce  de po la riza - 
tion ,  wh e re in  th e  m o vin g  qua s ipa rtic le  is  a n  
e le c tron ic  e xc ita tion  a n d  th e  o b s e rva b le  is  th e  
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in te ns ity o f light e mitte d  with d iffe re nt pola riza - 
tions  [6,15]. 

(3) Applica tion  to  ne u tron  s ca tte ring of hy- 
d roge n  tra ppe d  a round  impuritie s  s uch a s  oxyge n 
in me ta ls  s uch a s  n iobium, whe re  the  moving 
qua s ipa rtic le  is  the  pro ton  [16]. 

(4) Applica tion  to muon  s pin re la xa tion in 
a n tife rroma gne tic  s olids  s uch a s  bcc iron whe re in  
the  qua s ipa rticle  is  a  muon  moving within a  
s olid, a nd the  obs e rva ble  is  s pin pola riza tion 
[7,17]. 

(5) Ge ne ra liza tion  of the  DNLS E to incorpo- 
ra te  a nha rmonic  pote ntia ls  a nd nonline a r re s tor- 
ing force s , re s ulting in nonline a ritie s  o the r tha n  
biline a r, a nd  the  a ppe a ra nce , a nd counte rintui- 
tive  d is a ppe a ra nce , o f multiple  s ta tiona ry s ta te s  
[6,18]. 

(6) Ca lcula tion of me morie s  in nonline a r 
ge ne ra lize d  ma s te r e qua tions , a nd the  de ve lop- 
m e n t o f a  pe rturba tive  s che me  which is  e xa ct in 
the  nonline a rity but pe rturba tive  in the  inte rs ite  
tra ns fe r [19]. 

(7) S tudie s  o f the  in te rpla y of nonline a rity 
a nd  dis orde r on the  ba s is  of e ns e mble s  with 
va rious  dis tributions  o f the  nonline a rity pa ra me - 
te r [6,7]. 

(8) The ory of nonline a r tra pping of e xcita tion 
d ire c te d  a t fluore s ce nce  que nching in mole cula r 
a ggre ga te s  [11,12]. 

(9) Ana lytic  s olutions  for a  re s tric te d class  of 
initia l conditions  in s ome  s pa tia lly e xte nde d  
s ys te ms  s uch a s  trime rs  a nd s ymme tric  N-me rs  
[13,14]. 

We  re fe r brie fly to  the  la s t two of the s e  be low. 

3 . I.  N o n lin e a r t ra p p in g  

Qua s ipa rtic le  tra pping is  a n importa n t phe - 
n o m e n o n ,  a nd is  o f pa rticula r inte re s t in a re a s  o f 
inve s tiga tion s uch a s  photos ynthe s is , in which 
the  ha rve s ting of e ne rgy ne ce s s a ry for the  ope r- 
a tion  of the  re a c tion  ce nte rs  is  followe d by the  
proce s s  o f the  tra ns fe r of the  ha rve s te d  e ne rgy to  
the  re a c tion  ce nte r. The  e xcita tion ca rrying 

e ne rgy, but no ma tte r,  is  the  qua s ipa rtic le , a nd  
the  re a ction ce nte r is  the  tra p  [20,21]. Le t us  
a s s ume  tha t a n e xcita tion move s  on a  cha in via  
ne a re s t ne ighbour in te ra ctions  V, a nd  tra ppe d  by 
a  s ite  which ha s  the  nonline a r be ha vior a ris ing 
from s trong inte ra ctions  with vibra tions  le a ding 
to the  nonline a rity de s cribe d by the  cubic te rm in 
the  DNLS E. Of the  s e ve ra l pos s ible  mode ls  o f 
ca pture , cons ide r two: one  in which one  o f the  
s ite s  in the  cha in is  its e lf the  tra p  s ite  a nd  
pos s e s s e s  the  cubic nonline a rity, a nd  a no the r in 
which the  e xcita tion move s  in a  re gion of s pa ce  
ca lle d the  a n te nna  a nd communica te s  with a  tra p  
which is  e xte rna l to the  a n te nna . In  a  s imple  
e xa mple  of the  la tte r s itua tion, the  N a n te nna  
s ite s  a ll communica te  e qua lly with the  e xte rna l 
tra p  th rough a  ma trix e le me nt W, while  tra ns fe r- 
ring e xcita tion a mong the ms e lve s  th rough  ne a r- 
e s t ne ighbour e le me nts  V. The  firs t mode l is  
re pre s e nte d  by 

d c  m 
V(cm+ , (10) 

in obvious  no ta tion , while  the  s e cond is  re pre - 
s e nte d by 

d c  m 
i--~ f- = V(Cm + 1 + c ,, ,_1) + W C 8 , (11a ) 

• dco  
l--d- f = W ~ c ~  - X lco l2co  . ( llb )  

m 

Nume rica l ca lcula tions  by Dunla p , Ke nkre  a nd  
Re ine ke r [11] on the  firs t mode l ha ve  s hown tha t 
a  tra ns ition a ppe a rs  to occur a s  the  nonline a rity 
pa ra me te r X cros s e s  the  va lue  (3.2)V. The  s e c- 
ond  mode l ha s  be e n  s olve d a na lytica lly by Ke n- 
kre  a nd Kus " [12] who ha ve  s hown tha t the  
proba bility o f the  tra p  s ite , which we  will ca ll P , 
obe ys  

d2p 
d , r2  = ½ ( 1 1  - -  '1 ' !1 2 ) - -  ( ~ t  2 At" T~ 2 -{- 1)P  

- 3¢rtP  2 - 2 ~ 2 p  3 , (12) 

whe re , with the  no ta tion  tha t w is  de fine d a s  
V~  W, the  s ca le d time  z a nd the  pa ra me te rs  
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a n d  77 a re  ~- = 2 w t,  ~ = g / 4 w ,  a n d  77 = V /w ,  the  I's  
b e in g  cons ta n ts  o f the  m o tio n .  C le a rly,  ~: me a - 
s u re s  th e  a m o u n t o f n o n lin e a rity re la tive  to  the  
(s ca le d) in te ra c tio n  m a trix e le m e n t fo r tra ns fe r 
o f e xc ita tion  b e twe e n  the  a n te n n a  a n d  the  tra p  
while  r/ m e a s u re s  the  m o tio n  o f the  e xc ita tion  
with in  the  a n te n n a  re la tive  to  the  e xte n t o f its  
tra n s fe r fro m  the  a n te n n a  to  the  tra p . E q u a tio n  
(12) ca n  be  s o lve d  in te rms  o f We ie rs tra s s ia n  
e llip tic  func tions .  A c o m p le te ly g e n e ra l s o lu tion  
to  th e  p ro b le m  ha s  b e e n  o b ta in e d  fo r a rb itra ry 
in itia l c o n d itio n s ,  a n d  a  n u m b e r o f phys ica l 
fe a tu re s  ha ve  b e e n  e xtra c te d  [12]. Th e  a na lys is  
ha s  a ls o  b e e n  g e n e ra liz e d  to  finite  re la xa tion  a n d  
fin ite  te m p e ra tu re  s itua tions . 

3 .2 .  S p a tia lly  e x te n d e d  s y s te m s : a n a ly tic  re s u lts  

Th e  m e th o d s  o f a na lys is  u s e d  in the  e a rly work 
[5] to  o b ta in  e xa c t s o lu tions  in two-s ite  s ys te ms  
we re  g e n e ra liz e d  by An d e rs e n  a n d  Ke n kre  to  
s o m e  la rge r s ys te ms .inc lud ing  trime rs  a n d  a  cla s s  
o f e xte n d e d  s ys te ms  te rm e d  N-m e rs  [13,14]. 
Th e y o b ta in e d  th e  e xplic it time  d e p e n d e n c e  fo r 
th e  trim e r fo r a  cla s s  o f s pe cia l in itia l cond itions ,  
d is cus s e d  a  tra n s itio n  a t X = - 6 V a s  we ll a s  the  
e ffe c t o f th e  s ign o f the  n o n lin e a rity,  a n d  s h o we d  
th e  c o n n e c tio n  o f th e ir re s u lts  to  the  trim e r 
s ta tio n a ry s ta te s  o b ta in e d  e a rlie r by E ilbe ck e t 
a l. [3]. Th e y g e n e ra liz e d  the  work to  N-me rs ,  
a ls o  o b ta in in g  e xplic it a na lytica l s o lu tions . Th e  
s ys te ms  c o n s id e re d  we re  s ite -de ge ne ra te  with  
Vmn = V b e twe e n  a n y  tw o  s ite s , the  in itia l e xcita - 
tion  be ing  loca lize d  on  a  s ingle  s ite , o r m o re  
g e n e ra lly,  d is trib u te d  e q u a lly a m o n g  a ll s ite s  o f 
o n e  o f two  g roups ,  o n e  o f m A s ite s  a n d  the  o th e r 
o f m B = N -  m A s ite s . Th e  ca lcu la tiona l trick o f 
An d e rs e n  a n d  Ke n kre  [13,14] cons is ts  o f the  
g e n e ra liz a tio n  o f (9) to  de fine  n e w qua n titie s  p ,  
q , a n d  r, wh ich  a llow o n e  to  c o n ve rt the  trim e r 
o r N-m e r p ro b le m  a s  de s c ribe d  b y 

d c ra =- iV ( - C m +~ n  Cn)+iXlCml2Cm (13) d t  

in to  a  c o m p le te ly tra c ta b le  n o n -d e g e n e ra te  
d im e r p ro b le m  [22] involving  the  s o lu tion  o f 

d t 2 = -2 3 o  - 6TtP  - 6TzP 2 - 273P 3 • (14) 

S ome  o f th is  work is  re a p p e a rin g  in  the  lite ra tu re  
a n d  is  be ing  a pp lie d  to  e xp e rim e n ta l s itua tions .  

4 . Finite  re la xa tio n a nd the rma l fluc tua tio ns  

Ho w do  we  a u g m e n t the  DNLS E  (4) to  tre a t 
s itua tions  n o t  invo lving  time  s ca le  d is pa ritie s  
b e twe e n  the  qua s ipa rtic le  a n d  the  vib ra tions ,  to  
e limina te  unre a lis tic  a s s umptions  s uch  a s  th a t o f 
infin ite  vib ra tiona l re la xa tio n ,  a n d  to  inc lude  
u n a vo id a b le ,  a n d  im p o rta n t,  in te ra c tio n s  with  
re s e rvoirs  which  give  ris e  to  te m p e ra tu re  e ffe c ts  
a n d  fluc tua tions ?  This  is  the  q u e s tio n  th a t we  
n o w a ddre s s . E q u a tio n  (4) is  th e  re s u lt o f a  tim e  
d is pa rity a s s u m p tio n  m a d e  o n  (2) a n d  (3). We  
now re ta in  (2), a n d  re p la ce  (3) b y 

d2Xm dx  m 
d t 2 + T---d'i - + ¢02Xm  = -c o n s t .  × Icml 2 + R m ( t ) ,  

(15) 
a n d  e xp lo re  the  c o n s e q u e n c e s  o f d is s ipa tion  
in tro d u c e d  by the  ra te  T, a n d  o f fluc tua tion  
c a u s e d  by the  ra n d o m  fo rce  te rm  Rm(t). F o r 
s implic ity,  we  ha ve  u s e d  the  re s tric tion  th a t the  
re s e rvo ir in te ra c tio n  occurs  o n ly with  the  vi- 
b ra tio n a l s ys te m. Two  limits  o f (15) a re  pa r- 
ticu la rly in te re s ting : ze ro  d a m p in g ,  a n d  e xtre me - 
ly la rge  d a m p in g .  S o m e  e xa c t s o lu tions  ca n  be  
fo u n d  fo r the  fo rm e r ca s e  [23] fo r the  d ime r.  Th e  
p ro b a b ility d iffe re n c e  p ( t )  s hows  cn o r d n  be - 
h a vio r a s  in  the  a d ia ba tic  s o lu tions  [5] a n d  
u n d e rg o e s  a  cha ra c te ris tic  n e w tra ns ition  in to  a  
re g io n  wh e re  it e qua ls  the  s um o f a  pa rt which  is  
p ro p o rtio n a l to  th e  a p p ro p ria te  e llip tic  func tion  
(cn o r dn),  a n d  a  pa rt which  is  p ro p o rtio n a l to  th e  
c u b e  o f the  e llip tic  func tion .  He re ,  we  will focus  
o n  th e  o p p o s ite  limit o f e xtre m e ly la rge  d a mp - 
ing . 

If the  d a m p in g  is  la rge  e n o u g h  to  ju s tify th e  
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n e g le c t o f th e  s e c o n d  d e riva tive  o f th e  o s c illa to r 
d is p la c e m e n ts ,  m o re  fo rm a lly,  if to---~% ~/----~, 
to 2 /y = F ,  th e  e vo lu tio n  o f th e  o s c illa to r d is p la ce - 
m e n ts  to wa rd s  th e ir e q u ilib riu m  p o s itio n s  n o w 
p o s s e s s e s  a  s ingle  c h a ra c te ris tic  "vib ra tio n a l re - 
la xa tio n " ra te  F . R e s tric tin g  th e  a na lys is  to  th e  
two -s ite  s ys te m  in th e  in te re s t o f fu ll tra c ta b ility,  
we  o b ta in  fro m  (2 ) a n d  th e  la rge  d a m p in g  limit 
o f (1 5 ),  

d p  = 2 V q  d q  _ _ 2 V p  - x y r 
d t  ' d t  

0F 
- ~  = x Y q ,  

(16a ) 

d y  
d t - - F ( y  - p )  + F(t) , F(t) = 2 r( k T / t o  z ) 8 (t) , 

(16b) 
wh e re  k is  th e  Bo ltz m a n n  c o n s ta n t.  

E q u a tio n s  (16) c o n s titu te  a  La n g e vin  s e t.  
S ta n d a rd  te c h n iq u e s  a llow th e  d e riva tio n  o f a n  
e xa c t F o kke r -P la n c k  e q u a tio n  fo r th e  d is tribu - 
tio n  fu n c tio n  in  p ,  q ,  r,  y s p a c e  a n d  o f a n  
a p p ro xim a te  b u t u s e fu l F o kke r -P la n c k  e q u a tio n  
fo r th e  d is trib u tio n  fu n c tio n  o -(p ,  q ,  r; t) in  p ,  q ,  
r s p a c e  a lo n e .  Th e  la tte r is  o b ta in e d  [24] th ro u g h  
th e  a p p lic a tio n  o f p ro je c tio n  te c h n iq u e s  wh ich  
e lim in a te  th e  vib ra tio n a l va ria b le  y,  a n d  is  va lid  
in  th e  h ig h  d a m p in g  limit. Th e  F o kke r-P la n c k  
e q u a tio n  c a n  b e  s o lve d  e xa c tly fo r its  s ta tio n a ry 
s ta te  d is trib u tio n  fu n c tio n ,  a n d  th e  fo rm a lis m  
c a n  b e  u s e d  in  two  s e p a ra te  wa ys : (i) to  p e rfo rm  
a  Kra m e r ' s  firs t pa s s a ge  tim e  a na lys is  a im e d  a t 
a n  in ve s tig a tio n  o f th e  s ta b ility (a ga ins t th e rm a l 
flu c tu a tio n s ) o f th e  n o n lin e a r s tru c tu re s  in h e re n t 
in  th e  DNLS E ,  a n d  (ii) to  c a rry o u t a  c o n tra c - 
tio n  a na lys is  [25] fro m  th e  F o kke r -P la n c k  e q u a - 
tio n  in  o rd e r  to  a rrive  a t a  c lo s e d  e q u a tio n  s uch  
a s  (1 ) fo r th e  q u a s ip a rtic le  va ria b le s .  We  re fe r 
th e  re a d e r  e ls e wh e re  [24] fo r (i),  a n d  c o n c e n - 
t ra te  o n  th e  re s u lts  o f (ii) h e re .  Th e  c o n tra c tio n  
a na lys is  ha s ,  a s  its  c o n s e q u e n c e ,  

d p  = 2 V q  (17a ) 
d t 

• 2 V x  
d_q_q = - 2 V p  - x p r + - - if -  q r - a q  , (17b) d t  

d r 2 V x  q 2  a ( r-  (17c) 
d t -  x P q  - ~ - re q)" 

He re ,  req is  th e  th e rm a l e q u ilib riu m  va lu e  o f r, 
a n d  ct is  a  ra te  wh ich  a tte m p ts  to  d rive  th e  
s ys te m  to  th e  th e rm a l s ta te .  A h igh  te m p e ra tu re  
e xp re s s io n  [25] fo r th is  ra te  is  a  = ( 2 X / F ) k T .  

Th e  s e t o f e q u a tio n s  (17 ) h a ve  b e e n  a rrive d  a t 
b y e xte n d in g  th e  DNLS E  to  n o n a d ia b a tic ,  fin ite  
te m p e ra tu re  s itua tions  th ro u g h  a  b le n d  o f 
a n a lytic  a rg u m e n ts  a n d  p h ys ic a l a s s umptions .  
Th e  s ys te m  th e y d e s c rib e  re d u c e s  to  th e  trivia l 
lin e a r d im e r if X = 0 = a ,  to  th e  h ig h -te m p e ra - 
tu re  d a rn e d  lin e a r d im e r if X va n is he s  b u t a  d o e s  
n o t,  to  th e  n o n lin e a r a d ia b a tic  d im e r if X is  fin ite  
b u t  F is  in fin ite  a n d  ~ va n is he s ,  to  a  re la tive ly 
c ru d e  e xte n s io n  [26] o f th e  n o n lin e a r d im e r to  
d is s ipa tive  s itu a tio n s  if X is  fin ite  b u t F is  in fin ite  
a n d  a  va n is he s ,  a n d  to  th e  n o n lin e a r 
n o n a d ia b a tic  d im e r if X a n d  F a re  fin ite  a nd  a  
va n is h e s .  Th e  la tte r ca s e  d is p la ys  a  rich  multi- 
tu d e  o f p h e n o m e n a  inc lud ing  a  fa s c ina ting  in te r- 
p la y o f q u a n tu m  p h a s e s  a n d  n o n lin e a rity,  fo r 
wh ic h  we  re fe r th e  re a d e r to  re fs .  [27]. E vo lu tio n  
s howing  a  c o m p le te  c o m b in a tio n  o f th e  e llip tic  
fu n c tio n  e vo lu tio n  o f th e  a d ia b a tic  d im e r fo r 
s h o rt time s ,  fo llo we d  b y a  s e lf-tra p p in g  s wing  
in to  th e  loca liz e d  s ta tio n a ry s ta te s  o f th e  d im e r 
fo r lo n g e r time s ,  wh ich  is  its e lf fo llo we d  b y a  
d e lo c a liz a tio n  a n d  s ym m e tric a l s p re a d in g  o ve r 
th e  two  s ite s  c h a ra c te ris tic  o f th e rm a l fluc tua - 
tions ,  ha s  b e e n  e xh ib ite d  a n d  c o m m e n te d  o n  in 
re f.  [25] fo r th e  h ig h -te m p e ra tu re  c a s e  wh e n  req , 
which  ca n  g e n e ra lly b e  ta ke n  to  e q u a l ta n h (V/ 
k T ) ,  va n is he s .  E xc itin g  n e w b e h a vio r,  wh ic h  
o c c u rs  wh e n  req d o e s  n o t  va n is h ,  will n o w b e  
m e n tio n e d  h e re  b rie fly.  

F o r va n is h ing  a ,  th e  p ro b a b ility d iffe re n c e  p 
os c illa te s  a n d  th e n  te n d s  to  th e  s ta tio n a ry va lu e  
wh ich  is  0 if th e  n o n lin e a rity p a ra m e te r  is  s ma ll 
e n o u g h  a n d  fin ite  (c o rre s p o n d in g  to  a  lo c a liz e d  
s ta te ) if it is  la rge  e n o u g h .  As  a  in c re a s e s ,  th e  
d e tra p p in g  e ffe c t is  s e e n : p te n d s  to  0 a t la rg e r 
tim e s  e ve n  fo r la rge  n o n lin e a ritie s .  As  a  in- 
c re a s e s  fu rth e r,  a  s u rp ris ing  b u rs t o f p o c c u rs  fo r 
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a  s hort time , a nd the  burs t re curs  a fte r a  time  
pe riod . The  burs ts  b e c o m e  more  fre que n t with  
fu rthe r incre a s e  o f a  a nd be ha vio r tha t appe ars  
cha otic  occurs . P ha s e  s pa ce  plots  in the  p - q  
pla ne  s how tha t a  limit cycle  ha s  b e e n  re a che d  a t 
this  poin t, a s  p (a s  we ll a s  q ) os cilla te s  s te a dily 
b e twe e n  two  finite  va lue s  (s e e  (iv) a nd  (v) in fig. 
1). A furthe r incre a s e  in a  de s troys  the  limit 
cycle , a nd s ta ble  dis s ipa tive  be ha vio r is  re cov- 
e re d  (ca s e  (vi)): p ,  q te nd  to  va nis hing va lue s  
while  r te nds  to  re q .  S ta bility a na lys is  ca rrie d  o u t 

(i) 

by Ke nkre  a nd  Kus " [26] s hows  tha t the  de s truc- 
tion o f limit cycle s  occurs  for a  > re q X / F  , i.e . ,  fo r 
te mpe ra tu re s  e xce e ding  tha t a t which V /k T  
be come s  s ma lle r tha n  its  hype rbo lic  co ta nge n t if 
X a nd F a re  a s s ume d to  b e  inde pe nde n t o f 
te mpe ra tu re .  

This  b ifurca tion  be ha vio r is  re fle c te d  in e xcit- 
ing pre d ic te d  fe a tu re s  o f s e ve ra l obs e rva b le  
qua ntitie s  [26]. An  e xa mple  is  the  de g re e  o f 
fluore s ce nce  pola riza tion  in poly-L-pro line  oligo- 
me rs  o f va ria ble  le ngth, which is  give n [6] b y a  

Fig .  1. p - q  p h a s e  s p a c e  p lo ts  fro m  (1 7 ),  th e  d im e r fo rm  o f (1 ),  s h o win g  b ifu rc a to n  b e h a vio r.  E a c h  fra m e  e xte n d s  fro m  - 1  to  1 
o n  th e  h o riz o n ta l p a n d  th e  ve rtic a l q a xis ,  a n d  th e  in itia l c o n d itio n  is  o f o n e -s ite  o c c u p a tio n ,  i.e . ,  p = 1, q = 0. Th e  n o n lin e a rity 
x / 2 V  is  la rg e r th a n  1: lo c a liz e d  s ta te s  e xis t.  Th e  va lu e s  o f a /2 V  a re  (i) 0 .002 , (ii) 0 .00968 , (iii) 0 .04685 , (iv) 0 .22676 , a n d  (vi) 
1 .09752. In  (i),  o n e  s e e s  c le a r e vo lu tio n  to  th e  s e lf-tra p p e d  s ta tio n a ry s ta te  (p  < 0 ) fo llo we d  b y s ym m e triz a tio n  (p  = 0 ) a s  a  re s u lt 
o f th e rm a l flu c tu a tio n .  Lim it cyc le s  a re  d e s tro ye d  in  (vi).  
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lin e a r s u p e rp o s it io n  o fp  a n d  r,  th e  c o e ffic ie n ts  o f 
th e  s u p e rp o s it io n  b e in g  s u b je c t  to  e xp e r im e n ta l 
c o n tro l.  

5. Concluding re marks  

le a rn t  m u c h  d u rin g  o u r  jo in t  in ve s tig a tio n s ,  I 
wo u ld  like  to  th a n k  h e re ,  in  p a rtic u la r,  Ma re k  

p 

Ku s  o f th e  C e n te r  fo r  Th e o re t ic a l P h ys ic s  o f th e  
P o lis h  Ac a d e m y  o f S c ie n c e s ,  a n d  P a o lo  G rig o lin i 
o f th e  Un ive rs ity o f P is a  a n d  th e  Un ive rs ity  o f 
No r th  Te xa s .  

Th e  d e r iva t io n  o f (1 ) h a s  p ro c e e d e d  th ro u g h  a  
c o m b in a t io n  o f e xa c t  a n a lys is  a n d  p h ys ic a l a rg u - 
m e n ts .  Th e  s e m ic la s s ic a l a p p ro xim a t io n  wh ic h  
yie ld s  th e  D N LS E ,  th e  re s e rvo ir  in te ra c t io n ,  a ls o  
in t ro d u c e d  c la s s ic a lly,  wh ic h  re s u lts  in  th e  F o k-  
k e r - P la n c k  e q u a t io n ,  th e  h ig h  d a m p in g  lim it,  
th e  c o n t ra c t io n  a n a lys is  fro m  th e  F o k k e r - P la n c k  
e q u a t io n ,  a n d  th e  g e n e ra liz a t io n  fro m  th e  d im e r  
b a c k to  th e  e x te n d e d  s ys te m  n e c e s s a ry to  p a s s  
fro m  (1 7 ) to  (1 ),  a re  th e  p r im a ry  in g re d ie n ts  o f 
th a t  c o m b in a t io n .  We  h a ve  s e e n  th e  ric h  
b e h a v io r  th a t  e m e rg e s  fro m  (1 ).  It e n c o m p a s s e s  
s im p le  lin e a r e vo lu t io n ,  re fle c ts  th e  c h a ra c te ris t ic  
fe a tu re s  o f n o n lin e a r  d yn a m ic s ,  d e s c rib e s  th e  
s e ttlin g  o f th e  s ys te m  in to  s ta t io n a ry s ta te s  a s  a  
re s u lt  o f d is s ip a tio n  a n d  fin ite  re la xa tio n ,  a n d  
p re d ic ts  fa s c in a tin g  b ifu rc a tio n s .  Wh a t  is  re - 
q u ire d  in  fu tu re  in ve s tig a tio n s ,  in  th e  o p in io n  o f 
th e  p re s e n t  a u th o r ,  is  n o t  o n ly a  b e t te r  u n d e r-  
s ta n d in g  o f th e  ra n g e  o f va lid ity a n d  a p p lic a b ility 
o f th is  a n d  s im ila r t ra n s p o r t  in s t ru m e n ts ,  b u t  a ls o  
(a n d  e s p e c ia lly) wo rk  o n  th e  d e s ig n  o f  s p e c ific  
e x p e rim e n ts  o n  th e  b a s is  o f th e  kin d  o f th e o re t -  
ica l p re d ic t io n s  th a t  h a ve  b e e n  d e s c r ib e d  in  th e  
p re s e n t  a rtic le .  Th e  d e p o la r iz a t io n  o f flu o re s - 
c e n c e ,  th e  s c a t te r in g  o f p ro b e  p a rtic le s  s u c h  a s  
n e u t ro n s  b y lig h t in te rs titia ls ,  th e  q u e n c h in g  o f 
flu o re s c e n c e  via  t ra p p in g ,  a n d  th e  e vo lu t io n  o f 
t ra n s ie n t  g ra tin g s  a re  p a rt ic u la r  c a n d id a te s  fo r  
th e  e xp e r im e n ta l p ro b e .  It  is  h o p e d  th a t  th e  
d e v e lo p m e n t  o f th e o re t ic a l a n a lys is  a n d  th e  
d e s ig n  o f e xp e r im e n ts  will o c c u r  in  c lo s e  c o lla b o - 
ra t io n  in  th e  n e a r  fu tu re .  
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