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A version of this idea will be on the 
exam…



• Examine this solution:

• In position, there is a sin dependence whose 
amplitude oscillates harmonically with time.

Standing Waves



No boundaries…

• Notice that this solution is for two waves travelling in 
opposite directions with the same wavelength and 
frequency:

• But there is no restrictions on the wavelength, it can 
be anything – you always get a standing wave.



Standing Waves with Boundaries

• Now, if there are boundaries, then there are 
conditions that must be met for there to be 
standing waves:
– For instance, if there are fixed ends, then there 

must be nodes at both ends.

x=L
x=0



Normal Modes

• So, we have:



Normal Modes

• For n=1,

• For n=2,

• For n=3,



Boundary Conditions

• Does this mean that I cannot have any other 
wavelengths (frequencies) on the string?

• Of course you can, but they will not create 
standing waves, and will not have large 
amplitude oscillations.

• Only the frequencies associated with the 
normal modes are “natural frequencies” or 
“resonant frequencies”.



Boundary Conditions

• One of the most profound results from 
applying boundary conditions is that the 
natural frequencies are no longer continuous 
– they become quantized:



Problem 15.46



Problem 15.70



2-Dimensional Waves

• Waves can, of course move in more than one 
dimension:



2-D

• https://phet.colorado.edu/sims/normal-mode
s/normal-modes_en.html

https://phet.colorado.edu/sims/normal-modes/normal-modes_en.html
https://phet.colorado.edu/sims/normal-modes/normal-modes_en.html


Normal Modes in 2-D
• We can also have boundaries in 2-dimensions, for 

instance, a drum head:

(1,1)(0,1) (2,1) (0,2)

(2,2)

Notice, that in two dimensions, there 
are two indices for the normal modes 
corresponding to the two 
dimensions.  This is just a result of 
solving the two-dimensional 
differential equation with boundary 
conditions.



Normal Modes in 3-D



Normal Modes in 3-D

• For instance, the sun:



Gold Nanoparticles

http://pubs.acs.org/author/Sauceda,+Huziel+E
http://pubs.acs.org/author/Salazar,+Fernando
http://pubs.acs.org/author/P%C3%A9rez,+Luis+A
http://pubs.acs.org/author/Garz%C3%B3n,+Ignacio+L
http://pubs.acs.org/author/Garz%C3%B3n,+Ignacio+L
http://pubs.acs.org/doi/full/10.1021/jp408976f#cor1


Take-aways

• Normal modes correspond to resonance 
frequencies of a medium.

• In an unbounded medium, normal modes are 
continuous.

• In a bounded medium, normal modes are 
quantized!

• The number of quantum numbers of a system 
corresponds to the number of degrees of 
freedom.

• Any motion of the system can be expressed as a 
linear combination of the normal modes.


